Abstract. It is shown that a smooth global deformation of quartic double solids, i.e. double covers of P 3 branched along smooth quartics, is again a quartic double solid without assuming the projectivity of the global deformation. The analogous result for smooth intersections of two quadrics in P 5 is also shown, which is, however, much easier.
Introduction
The aim of this paper is to show a rigidity result for certain Fano 3-folds. Mainly we want to show that a smooth global deformation of quartic double solids is again a Fano manifold. More precisely the main result is the following theorem. Theorem 1.1. Let π : X → ∆ be a smooth family of compact complex manifolds over the unit disc ∆ ⊂ C. Suppose that there is a sequence (s n ) n∈N , s n ∈ ∆, with s n → 0 such that the fibres X sn = π −1 (s n ) are Fano manifolds for all n ∈ N and suppose that for one n ∈ N (hence for all) the Fano manifold X sn is a quartic double solid, i.e. a double cover of P 3 branched along a smooth quartic.
) is a Fano manifold (and again a quartic double solid).
Given the assumptions of Theorem 1.1 we call X 0 a global deformation of quartic double solids and similarly for other classes of (Fano) manifolds.
The following proposition is much easier to prove than Theorem 1.1.
Proposition 1.2. A global deformation of Fano threefolds that are intersections of two quadrics in P 5 is a Fano manifold (and again an intersection of two quadrics in P 5 ).
Of course, both results are essentially obvious if we additionally assume that all fibres of π are projective. They are motivated by the following more general question.
Question 1.3. Is a global deformation of Fano manifolds with Picard number 1 again a Fano manifold?
This paper is an abridged, restructured version of my PhD thesis. I would like to thank my advisor Thomas Peternell for many helpful discussions and continuous support. I would also like to thank Vlad Lazić for many comments, suggestions and insistences concerning the presentation. If the Picard number is greater than 1, this is in general false, as can already be seen from the example of P 1 × P 1 degenerating to the second Hirzebruch surface F 2 .
Looking again at Fano manifolds with Picard number 1, there are some indications that there is a positive answer to Question 1.3: Y.-T. Siu showed that, for any n, a global deformation of projective spaces P n is again P n ( [Siu89] , [Siu92] , [Siu91] ) and J.-M. Hwang showed the analogous result for smooth hyperquadrics Q n of dimension n ≥ 3 ( [Hwa95] ).
In the view of the result of S. Kobayashi and T. Ochiai that a Fano manifold X of index at least n = dim X is either Q n or P n , the results of Siu and Hwang just say that Question 1.3 has a positive answer, if one additionally assumes that the index of the degenerating manifolds is not less than their dimension.
In dimension 3 the following slightly more general question has been studied.
Question 1.4. If a (compact) Moishezon threefold is homeomorphic to a Fano manifold with Picard number 1, is it then itself Fano (and of the same type)?
Note that this is, indeed, more general, since a global deformation of Fano manifolds of a certain type is homeomorphic to a Fano manifold of that same type by Ehresmann's theorem and its anticanonical bundle is big, hence the manifold is Moishezon, by the Semi Continuity Theorem. Question 1.4 has been positively answered by J. Kollár in the case when the manifold is homeomorphic to the intersection of Gr(2, 5) ⊂ P 9 , in its Plücker embedding, with a linear subspace of codimension 3 -and by I. Nakamura in the case when the manifold is homeomorphic to a cubic threefold. Theorem 1.1 gives a positive answer to Question 1.3 under the assumption that X is a global deformation of quartic double solids and Proposition 1.2 under the assumption that it is a global deformation of Fano threefolds that are intersections of two quadrics in P 5 . Let us briefly survey the proofs. One easily sees that there exists L ∈ Pic(X) such that Pic(X) = ZL, −K X = 2L, L big where we set X = X 0 . The aim is to show that L is ample and the idea is to show that |L| is base point free and that the induced morphism Φ is finite. This then certainly implies the claim, since the pullback of an ample line bundle by a finite morphism is ample.
Assuming that |L| is base point free, an easy argument shows the finiteness of Φ (cf. Lemma 3.6): first we show that Φ is generically finite, i.e. that it has 3-dimensional image. This is essentially because each element D ∈ |L| is irreducible and because for all distinct divisors D 1 , D 2 ∈ |L|, the curve D 1 ∩ D 2 is connected. Since Pic(X) ≃ Z, the map Φ cannot contract a divisor. Suppose there exists an integral curve C ⊂ X contracted by Φ. One shows that C ≃ P 1 and by definition of Φ we have K X · C = 0. Now we use the fact that X is a global deformation, i.e. that it lives in a smooth family of complex manifolds over the unit disc ∆. The deformation theory of smooth rational curves implies that C ⊂ X deforms in a family of dimension at least 1. Since −K Xs n is ample, this shows that there are infinitely many numerically trivial curves in X = X 0 and it is known that this is a contradiction (cf. Lemma 3.7).
In order to show that |L| is base point free, we use a result by Kollár. He gives a structure theorem for Moishezon manifolds X with 1 Pic(X) = ZL, −K X = 2L, L big.
We have already seen that if the map Φ induced by |L| is a morphism, then it has 3-dimensional image. By a more careful analysis Kollár shows that the same is true in general. He additionally shows that if h 0 (X, L) ≥ 4 and if Φ is not a morphism, then either
(1) Φ is a bimeromorphism to P 3 , or (2) Φ is a bimeromorphism to a smooth quadric Q 3 ⊂ P 4 .
In particular, |L| is always base point free if h 0 (X, L) > 5. In our global deformation setup we have h 0 (X, L) ≥ h 0 (X sn , L sn ) by upper semi continuity. If X is a global deformation of intersections of two quadrics in P 5 , this already shows that |L| is base point free, hence L is ample by what we have seen before, which proves Proposition 1.2.
If X is a global deformation of quartic double solids, we still have h 0 (X, L) ≥ 4. In this case we finish the proof of Theorem 1.1 by showing that the cases (1) and (2) from above actually cannot occur. Concerning (2), we closely follow Nakamura's strategy from his proof that a Moishezon manifold homeomorphic to a cubic threefold is a cubic threefold [Nak96] . Concerning (1), many of Nakamura's ideas are still helpful, but there are also new phenomena, which need new ideas.
Slightly more precisely, in Lemma 5.4 and Lemma 5.5 we show that if X is a global deformation of quartic double solids and if Φ is a bimeromorphism to P 3 or Q 3 , then
This is a contradiction to the fact that b 3 (X) = 20, which holds by Ehresmann's theorem and because it is true for quartic double solids.
Notation and preliminary results
When X is a complex space and A, B ⊂ X are closed complex subspaces with ideal sheaves I A , I B ⊂ O X , we let A · B resp. A + B denote the closed complex subspaces corresponding to the ideal sheaves
When L is a line bundle on a compact complex manifold X and S is some statement, then a phrase like Definition 2.1. Let e ≥ 0 be an integer. Then we call F e = P(O P 1 ⊕ O P 1 (−e)) the e-th Hirzebruch surface. For the 0-th Hirzebruch surface F 0 ≃ P 1 × P 1 we let p 1 , p 2 denote the two projections to P 1 and set e = p * 1 O P 1 (1) and f = p * 2 O P 1 (1). For e ≥ 1, let p : F e → P 1 denote the projection and set e ∞ = O Fe (1) and f = p * O P 1 (1).
Note that, for e ≥ 1, there is a unique curve C ∞ ⊂ F e with C 2 ∞ = −e. This curve is smooth and rational and e ∞ = O Fe (C ∞ ).
The following elementary lemma is well-known. It is included here only because of its second statement which is maybe less well-known but equally elementary.
For the lack of a reference, the following result on the pull-back of ample line bundles by finite maps is included. So let Z ⊂ X be an irreducible closed analytic subset with dim Z > 0. Since f is finite, we have dim f (Z) > 0. By assumption L is ample, so there exists l ∈ Z >0 and a section Proof. The fact that f | B1 is generically one-to-one implies that the general fibre of f is connected. Since S is smooth, the general fibre of f is smooth. In particular, for all but finitely many p ∈ C 2
Suppose that a general point p ∈ C 2 has more than one preimage point under the map f | B2 . This means that C p intersects B 2 in more than one point. Since g contracts C p , there are two different points in B 2 that are mapped by g to the same point. This shows that if f | B2 is not generically one-to-one, then g| B2 is also not.
Lemma 2.6. Let S be a reduced, compact complex space of dimension 2, let C be reduced, compact complex space of dimension 1 and let
be a holomorphic map whose general fibre 2 is P 1 and that has no fibres of dimension 2. Assume that there exists a line bundle that is non-trivial on the general fibre of f .
Then the following inequality holds
Remark 2.7. If S is projective, the last assumption is, of course, empty.
Proof. The Leray spectral sequence implies that
Since the topological dimension of C is 2 we have
The assumption that the general fibre of f is P 1 implies that the support of R 1 f * Q S is a finite set, hence
By the assumption that f does not have any fibres of dimension 2 we have
Summing up, we have
Let L be a line bundle on S that is non-trivial on a general fibre. Its first Chern class c 1 (L) induces an injective morphism of sheaves
Since the general fibre of f is irreducible, the cokernel of this morphism is a skyscraper sheaf on C. Hence we have
Together with (2.1) the claim follows.
The essential ideas of the following lemma can already be found in the proof of [Nak96, Lemma 4.7].
Lemma 2.8. Let X, Y be compact complex threefolds, let f : X → Y be a bimeromorphic holomorphic map, let E ⊂ X be smooth, irreducible divisor with E ⊂ Exc(f ) and let
Then there exists precisely one irreducible divisor ∆ ⊂ Exc(f ) satisfying
If we additionally assume that
Proof. Clearly we have the inclusion
) and f has connected fibres. So there is a divisor ∆ satisfying D ⊂ ∆ ⊂ Exc(f ). We show that for any reduced ∆ ⊂ Exc(f ) such that each irreducible component of ∆ contains D we have
outside of Exc(f | E ). This implies that ∆ and E intersect transversally in a general point of D. In particular, ∆ is smooth in a general point of D, which implies that there can be only one integral divisor with D ⊂ ∆ ⊂ Exc(f ).
The inclusion ⊂ of (2.2) is true on all of E as D ⊂ ∆ and D is reduced. Now let x ∈ E \ Exc(f | E ). We want to show that the inclusion ⊃ holds locally at x. So let s ∈ (I D,E ) x . By assumption f | E is an isomorphism near x so that there is t ∈ (
with u| f (E) = t. Then we have f * u ∈ (I ∆,X ) x as ∆ is reduced and each component is mapped onto C. This show the claim as
If we assume additionally that C ⊂ f (f * H − ∆ − E), i.e. that mult ∆ f * H = 1 and that no divisor ∆ = Γ ⊂ Exc(f ) maps onto C, it easy to see that generically over C we have f
which implies the last claim.
Lemma 2.9. Let 0 ∈ U ⊂ C 3 be open, let x, y, z be the coordinate functions of C 3 and let 
Then the following assertions hold:
• Both supp(Q 1 ) and supp(Q 2 ) consist of one point and
Proof. Elementary, hence omitted. 
Then there exists an exact sequence
Proof. Easy. Consider the normalization and use Proposition 2.10.
Lemma 2.12. Let X be compact complex threefold, let L be a line bundle on X such that Bs(L) does not have divisorial components and such that the map Φ induced by the linear system |L| maps X bimeromorphically to a smooth subvariety 
This certainly implies the inequality in (2) and since g(E) = Bs(L), it also implies the second part of (2).
Proof. By Lemma 2.12, the inequality L·C D1,D2 ≥ deg Y always holds and equality implies that
I claim that (2.3) implies that Bs(L) has no isolated points. Indeed, let x ∈ Bs(L). For general D 1 , D 2 ∈ |L|, all integral curves
Before we start with the resolution procedure, let us introduce some notation.
and
For an integer k ≥ 1 and a line bundle M on a compact complex manifold Y , set
The principalization algorithm of [BEVU05] yields a sequence
that is a partial resolution of Bs(L) such that for each k
It is easy to see that the first condition implies that E k ≥ F k , for all k. In order to resolve the base locus completely, i.e. to find a partial resolution
such that Sing(L k1 , 1) = ∅, while preserving the inequality E k ≥ F k , we must be more carefully in the choice of the centres of the blow-ups. An easy inductive argument shows that E k ≥ F k is preserved, if we only blow-up curves or, if not, points that are contained in an h k -exceptional divisor Γ with
This can be achieved as follows: first blow-up singular points of irreducible curves contained in Bs(L k ) as long as they exist. Note that, as Sing(L k , 2) = ∅, for each x ∈ X there exists D ∈ |L k | such that x ∈ Sing(D). Therefore, we do not create new singular curves in the base locus. After finitely many steps all irreducible curves in the base locus are smooth.
We continue by blowing-up these successively. It is clear that the number of curves in the base locus does not increase and that after finitely many steps the base locus does not contain any curves at all. As shown in the beginning of the proof it cannot contain isolated points. Hence it is actually empty.
What remains to show is that for each singular, irreducible curve in Bs(L k ) there is an integral divisor Γ satisfying
This is done by induction.
For k = 0 all irreducible curves in the Bs(L) are smooth by assumption so that the claim is true in this case. Now let k > 0 and let C ⊂ Bs(L k ) be a singular, irreducible curve.
is singular (and irreducible) and the induction hypothesis yields an integral divisorΓ ⊃ g k (C) such that
Then we have Γ :
Then we have
where a k = 1 or 2 depending on whether g k is the blow-up of a curve or of a point, and
If b k = 1 we clearly get a contradiction to the fact that
is irreducible and singular. Suppose that a k = b k = 2. In particular, g k is the blow-up of a point and
henceD| E k is an (effective) curve of degree 2 in E k ≃ P 2 . Again, this contradicts the fact that C is integral and singular.
Results concerning global deformations
In this section we prove some general results for global deformations of Fano manifolds of Picard rank 1 and index 2. Everything until Lemma 3.6 is well-known.
The proofs of the following two lemmas can also be found in [Pet89, (2.2)].
Lemma 3.1. Let ∆ ⊂ C be the unit disc, let X be a complex manifold and let π : X → ∆ be a proper, surjective submersion with connected fibres and assume that there exists a sequence (s n ) n∈N , s n ∈ ∆, such that s n → 0 and such that for all n ∈ N the fibre X sn = π −1 (s n ) is a Fano manifold of Picard rank 1 and index 2. Then the following assertions hold.
• The line bundle ω −1
Proof. By adjunction ω −1
for some C > 0 that is independent of n. This shows that ω −1 X0 is big, hence also that X 0 is Moishezon.
In particular, the Hodge decomposition holds on X 0 . By Ehresmann's theorem we have H 1 (X 0 , C) = 0 and H 2 (X 0 , C) = C. This together with the Hodge decomposition shows that
An easy consequence is the following theorem. 
Proof. I first claim that, possibly after shrinking ∆,
Indeed, since π is proper and ∆ is Stein, we get
Therefore by the Leray spectral sequence we have
, and base change yields
Therefore, considering the exponential sequences of X and X t , t ∈ ∆, we get a commutative diagram 0
where the vertical map on the right is an isomorphism by Ehresmann's theorem. Thus also the vertical map on the left, which is just the restriction of line bundles, is an isomorphism. Using this for t = 0 and for one t such that X t is Fano of Picard rank 1 and index 2 yields (3.2). As −K X0 = 2L| X0 is big, so is L| X0 .
Lemmas 3.1 and 3.2 show that under the assumptions of Lemma 3.1 X = X 0 , L = L| X0 satisfy the assumptions of the following lemma, whose first part is taken from [Kol91, Corollary 5.3.9, Corollary 5.3.10].
Lemma 3.3. Let X be a Moishezon threefold and L ∈ Pic(X) such that
Then there is the following vanishing of cohomology groups
H 0 (X, kL) = 0, k < 0, H 3 (X, kL) = 0, k > −2 H 1 (X, kL) = 0, k ≤ 0, H 2 (X, kL) = 0, k ≥ −2 and χ(X, kL) = 2 · 1 6 k(k + 1)(k + 2) + k + 1.
Furthermore, every divisor D ∈ |L| is irreducible and reduced. If
Proof. Note that the vanishing statements are column-wise equivalent by Serre duality. The first row is obvious, since L is big. The vanishing
follows from [Kol91, Lemma 5.3.8] and the remaining vanishing of H 1 (X, O X ) follows from Lemma 3.1.
We know the leading term of the cubic polynomial χ(X, kL) and we know its values for k ∈ {−2, −1, 0}. This is enough to determine it completely.
That every D ∈ |L| is irreducible and reduced follows from Pic(X) = ZL. Let
Using the above vanishing results, one easily deduces
The following lemma by Nakamura is applied many times in this paper.
Proof. This is [Nak96, Lemma 3.2]. The essential point is that ω D1·D2 is trivial.
The following is the structure theorem of Kollár hinted at in the introduction. 
If X is a global deformation of Fano threefolds that are smooth intersections of two quadrics in P 5 , then h 0 (X, L) ≥ 6 by semi continuity and Lemma 3.5 shows that L is globally generated. By Lemma 3.6, X is a Fano manifold, which proves Proposition 1.2
If X is a global deformation of quartic double solids, then h 0 (X, L) ≥ 4 by semi continuity. Therefore we can still apply Lemma 3.5 but a priori one of the two exceptional cases given there could occur. If we can exclude these two cases, L must be globally generated. Then the following lemma shows that the assertion of Theorem 1.1 holds, i.e. that −K X = 2L is ample.
Lemma 3.6. In addition to the assumptions of Theorem 1.1 assume that L| X0 is globally generated.
Then L| X0 is ample.
Proof. Let X = X 0 , let L = L| X0 and let Φ be the morphism induced by |L|. The aim is to show that Φ is finite. First we show that the image Y = Φ(X) has dimension 3. In fact, Kollár shows this without assuming that |L| is base point free, as a first step towards the proof of Lemma 3.5. When L is assumed to be globally generated the proof is essentially trivial:
is not a line and there exists a hyperplane
intersecting Y in more than one point. Then the divisor Φ * H ∈ |L| is disconnected, which contradicts Lemma 3.3. Suppose Y is a surface. Since h 0 (X, L) ≥ 4 there exist hyperplanes
such that H 1 ∩ H 2 ∩ S is a finite set with more than one element. This shows
Since Pic(X) ≃ Z, the morphism Φ cannot contract any divisor. Suppose that there exists y ∈ Y such that dim Φ −1 (y) = 1.
Now let C ⊂ Φ −1 (y) be an irreducible (and reduced) curve. By (3.4), C is smooth and rational, which contradicts Lemma 3.8.
In order to proof Lemma 3.8, we need the following result (cf. [Pet89, 2.2 h)]).
Lemma 3.7. Let X be a 3-fold and let L be a big line bundle such that
Then there are only finitely many curves C ⊂ X with L · C ≤ 0.
Proof. Let f : Y → X be a bimeromorphic morphism from a projective manifold Y -such f exists as X is Moishezon. Let L on Y be a very ample line bundle and let A ∈ |L| be irreducible and reduced. Then A ⊂ Exc(f ) and A = f (B) is an irreducible divisor, which is Cartier, since X is smooth. There is an effective divisor E on Y such that
Since Pic(X) = ZL, there is an integer m ∈ Z such that 
The intersection of the line bundle K X with fibres of the flat morphism S → D with connected base is constant, i.e. for each d ∈ D,
Consider the composite map
This map is constant. Otherwise it would be open and since each compact complex subspace of X is contained in fibres of π : X → ∆, this would imply that for each t ∈ ∆ close to 0,
By (3.6) all these curves are numerically trivial, which contradicts the fact that s n → 0 and X sn is Fano for all n. Hence all curves parametrized by D are contained in X 0 , which together with (3.5) proves the claim.
The claim, however, contradicts Lemma 3.7, which proves the lemma.
What remains to show in order to finish the proof of Theorem 1.1 is that the two "exceptional" cases of Lemma 3.5 cannot occur in our situation. So assume that, for some family X → ∆ as in Theorem 1.1, X = X 0 falls into one of the exceptional cases of Lemma 3.5. Then by what we have already shown, one of the following two lemmas can be applied.
The proofs of these lemmas constitute the main part of the paper and are given in Section 5.
Lemma 3.9. Let X be a Moishezon threefold and let L ∈ Pic(X) be such that
Assume also that there is no smooth rational curve C ⊂ X such that L · C = 0 and that L is not globally generated. Then
Lemma 3.10. Let X be a Moishezon threefold and let L ∈ Pic(X) be such that
In any case, we get b 3 (X 0 ) ≤ 12. On the other hand, for a quartic double solid V 2 it is well-known that
(see e.g. [Sha99] and the easy calculation can be found in my thesis ([Dor13] ). Thus, by Ehresmann's theorem, we have
This is a contradiction, which finishes the proof of Theorem 1.1 modulo the proofs of Lemmas 3.9 and 3.10.
An example
The reader might wonder, whether the exceptions of Lemma 3.5 can ocurr at all -not necessarily as a global deformation of Fano manifolds. There are examples of manifolds behaving this way (cf. [Kol91, Examples 5.3.14]) and Kollár attributes them to Hironaka and Fujiki. In this section I give a new example, for which the line bundle L, in contrast to the previously known examples, has a reducible base locus. The precise claim is the following.
Proposition 4.1. There exists a Moishezon 3-fold X satisfying
such that the map induced by |L| is bimeromorphic.
Proof. Start with P 3 . Choose two distinct hyperplanes
and write C 0 := H 1 ∩ H 2 for the line of intersection. Furthermore choose pairwise distinct points p 1 , p 2 , p 3 , p 4 ∈ C 0 und smooth plane cubics
Let f 1 : Y → P 3 denote the twisted blow-up of P 3 along C 1 and C 2 , i.e. locally near p 1 we first blow-up C 1 and then the strict transform of C 2 and locally near p 2 we proceed in reversed order.
For a hyperplane H ∈ |O P 3 (1)| letĤ = (f 1 ) −1 * H denote its strict transform. Consider the restricted map
Outside of C 2 it is an isomorphism, since the smooth curve C 1 ⊂ H 1 is a Cartier divisor in H 1 . Near p 1 it is also an isomorphism, since after blowing-up C 1 the strict transform of C 2 does not intersect the strict transform of H 1 locally over p 1 . Near p 2 resp. near p 4 it is the blow-up in this point. Analogously the restricted map f 1 |Ĥ 2 is the blow-up of H 2 in p 1 , p 3 . Let A 2 , A 4 ⊂Ĥ 1 and A 1 , A 3 ⊂Ĥ 2 be the corresponding exceptional curves.
LetĈ 0 be the strict transform of C 0 under f 1 and let ∆ 1 , ∆ 2 be the two f 1 -exceptional divisors mapping to C 1 , C 2 respectively. Note thatĈ 0 is a smooth rational curve that intersects each of the divisors ∆ 1 and ∆ 2 transversally in exactly two distinct points. Denote these by q 1 , q 3 resp. q 2 , q 4 in such a way that f 1 (q i ) = p i , for all i = 1, . . . , 4. One also sees easily that
The restricted map
is an isomorphism for i = 1, 2, sinceĈ 0 ⊂Ĥ i is Cartier. The two curves l 1 = E 0 ∩H 1 and l 2 = E 0 ∩H 2 are disjoint. There is an isomorphism E 0 ≃ P 1 ×P 1 , that identifies the first projection with the restricted map f 2 | E0 . Let f 0 ∈ Pic(E 0 ) denote the class of the fibres with respect to this projection and e 0 ∈ Pic(E 0 ) the class of those with respect to the other projection. Then from (4.1) it follows that
The contraction theorem of Fujiki and Nakano yields a complex manifoldX and a holomorphic map g 2 :X →X, that contracts exactly the curves in E 0 with class e 0 . Let E i := g 2 (H i ). The curves l 1 , l 2 are contracted by g 2 (to distinct points). In particular we have
is the blow-down of the smooth rational curve l i ⊂H i . Therefore we have E i ≃ P 1 × P 1 . We want to show that E 1 , E 2 ⊂X can be contracted. To this end, we compute their conormal bundles. OnX we have
) * is injective. So again by the contraction theorem of Fujiki and Nakano there is a complex manifold X and a holomorphic map g 1 :X → X that contracts E 1 and E 2 along their second projections, i.e. such that curves with class f i are contracted. These correspond to lines in H 1 through the point p 2 resp. lines in H 2 through the point p 1 . One shows easily that the manifold X satisfies
The map induced by |L| is just the natural bimeromorphic map that we get from the construction of X. If X were projective, the line bundle L would have to be ample, since Pic(X) = ZL and L is big. However, L has degree −1 on the curve B 1 = g 2 (E 1 ), hence L is not ample and X is not projective.
Remark 4.2. In view of Lemma 3.9 it is interesting to determine b 3 (X). Since blowing-up a smooth rational curve does not change b 3 we have
By Proposition 2.10 we have an exact sequence
The mapping in the second line is injective and
The first mapping of the following Mayer-Vietoris sequence
The surface ∆ 1 resp. ∆ 2 is the blow-up of a P 1 -bundle over C 1 resp. C 2 in two point. Therefore, by Lemma 2.6 we have
Thus b 3 (X) = 4.
Proof of the main lemmas
In this section the proofs of Lemmas 3.9 and 3.10 are given. Eventually we treat them separately, referring to the first as the "projective space" case and to the second as the "quadric" case. Before that we show some further results which are true in both cases.
Lemma 5.1. Let X be a Moishezon threefold an let L ∈ Pic(X) be such that
Proof. The assertion is true if global sections of L| C lift to global sections of L| D1 and if these lift to global sections of L. Since, by Lemma 3.3,
both liftings can, indeed, be performed. Proof. We first show that dim Bs(L) = 1. Assume to the contrary that Bs(L) does not contain any curves. Then the curve
If C is smooth, this is immediate since then (5.1) together with ω C = O C (cf. Lemma 3.3) shows that L| C is base point free, hence so is L by Lemma 5.1. Now we do not assume that C is smooth, but let p ∈ C be a smooth point. The aim is to show that p ∈ Bs(
has the same global sections as L and such that E ⊂ Bs(L). Let furthermorẽ Suppose that 
Proof. Since B is reduced and connected (and non-empty by Lemma 5.2), h 0 (B, O B ) = 1 and by Lemma 3.4
Let the skyscraper sheaf Q be defined via the exact sequence
The associated long exact sequence together with (5.2) yields
Tensorize the above short exact sequence with L
and look at the associated long exact sequence
Since B is reduced and contained in Bs(L) and since, by Lemma 5.1, Bs(L) = Bs(L| C ), the image of α is contained in the first summand. Thus
In particular, since A ≃ P 1 , the line bundle L| A is very ample, so that β is surjective. Therefore, h 0 (B, L| B ) = 0 and
which, again since A ≃ P 1 , implies the claim. Lemma 5.4. Let X be a Moishezon threefold and let L ∈ Pic(X) be such that
Proof. Let Φ denote the map induced by |L|. Of course, Φ is not a morphism. Therefore, by Lemma 3.5, it maps X bimeromorphically to a smooth quadric Q 3 ⊂ P 4 :
Since X and Q 3 have different index, there must exist a divisor
that is contracted by Φ −1 . For general H 1 , H 2 ∈ |O Q 3 (1)| the curve H 1 ∩ H 2 intersects the divisor Q in at least two points at which Φ −1 is defined and it satisfies
If Φ −1 contracts Q to a point then the curve 
Let g :X → X denote the blow-up of X along B and let E ⊂X denote the exceptional divisor. By (5.3), both D 1 and D 2 are generically smooth along B, henceD 
, there exists a unique irreducible divisor ∆ ⊂X that is f -exceptional. For some a ≥ 1,
The image f (∆), which is irreducible, cannot be a point. Otherwise the divisor g(∆) would be contained in infinitely many divisors D ∈ |L|, which is absurd, since these are all irreducible by Lemma 3.3. Therefore
is an irreducible curve. From Lemma 2.8 it follows, using (5.4), that outside of a finite set f is just the blow-up of Q 3 along C 0 . In particular outside of this set the fibre of f | ∆ is just P 1 and each such fibre intersects E in exactly one point. From Lemma 2.6 -applied to the holomorphic map f | ∆ and the line bundle OX (E)| ∆ -we therefore get b 3 (∆) ≤ b 1 (C 0 ). By Proposition 2.10 there is an exact sequence
Since g is the blow-up of a smooth rational curve, b 3 (X) = b 3 (X), hence
We bound b 1 (C 0 ) by studying the map from its strict transform
Since E is a Hirzebruch surface and Q is a quadric, there are two cases:
In both cases we have
for some a ≥ 1. SinceC 0 is effective, a ≤ 2. If a = 2,C 0 ∈ |6f |, which is a contradiction to the fact thatC 0 is irreducible and reduced, hence a = 1. Thus f ·C 0 = 1 so thatC 0 is a smooth rational curve. Applying Proposition 2.10 to the morphism f |C 0 yields the exact sequence
where q ∈ Q is the center of the quadric cone Q. From this we get
Summing up, in both cases we have b 3 (X) ≤ b 1 (C 0 ) ≤ 6 as claimed.
5.2. The projective space case. Let us first state explicitly what we want to prove here.
Lemma 5.5. Let X be a compact complex threefold, let L ∈ Pic(X) be such that
Assume in addition that the map induced by |L| is bimeromorphic and that there does not exist any integral curve
Unfortunately, in this case the base locus cannot as easily be described as in the quadric case. If for general D 1 , D 2 ∈ |L| the the movable curve of D 1 · D 2 intersects the 1-dimensional locus of Bs(L) in two different points, then the situation is still rather similar: D 1 · D 2 is a reduced cycle of smooth, rational curves. If not, then the intersection of general D 1 , D 2 ∈ |L| is non-reduced. In the latter case we show that X is a compactification of C 3 by an irreducible divisor ∆ 0 ⊂ X and that
Let us first make precise the notion of "the movable curve of D2 is smooth and rational then follows from Lemma 3.4.
To prove the second statement let C ⊂ D 1 ∩D 2 be an irreducible, smooth rational curve such that D 1 ·D 2 is generically reduced along C.
Taking the Euler characteristic of (5.5) we get
To get the equality of the first and the second line we apply Riemann-Roch on C and use that by adjunction
The lemma shows that, in particular, the skyscraper sheaf Q D1,D2 is supported in at most two points. We split the proof of Lemma 5.5 into the two cases when the following statement holds resp. does not hold. 
is supported in two distinct points, where C D1,D2 denotes the movable curve as defined in Lemma 5.6. First case. We first assume that the statement holds.
Assumption 5.8. In addition to the assumptions of Lemma 5.5 assume that Statement 5.7 does hold.
Then the base locus of |L| can be determined very concretely as the following lemma shows. 
and it is a cycle of smooth rational curves. Moreover we have
Remark 5.10. Here a cycle of smooth rational curves is a reduced curve whose irreducible compononents are smooth rational curves and whose intersection graph is a cycle. The intersection graph of a reduced curve C is the graph whose vertices are the irreducible components of C and where two vertices are connected by an edge precisely when the corresponding irreducible components have non-empty intersection.
Proof of Lemma 5.9. The proof of the first part is that of [Nak96, Lemma 3.3].
Choose D 1 , D 2 ∈ |L| such that Q D1,D2 is supported in two different points, which is possible since we assume that Statement 5.7 holds. Then we can write Q D1,D2 = C p ⊕ C q , for p, q ∈ C D1,D2 with p = q. This shows that locally at p at least one of the divisors D 1 , D 2 is smooth and that
for some local coordinate functions x, y, z. Therefore there exists an irreducible curve 
Lemma 2.12), we get that
for some n and some smooth rational curves B 1 , . . . , B n ⊂ Bs(L).
By
Indeed, using the vanishing statements from Lemma 3.3, we easily compute
Since, again by Lemma 3.3, we have
and by Grothendieck-Serre duality,
To study how L restricts to the individual curves B i , we prove the following claim.
Claim 1. Let M be a line bundle on C.
• If there exists i ∈ {1, . . . , n}, such that M · B i ≥ 2. Then there exists a section
For the first part, write C = C ′ + B i , set S = C ′ · B i and observe that S consists of two reduced points. Since B i is smooth and rational,
The existence of the desired section now follows from the exact sequence
The proof of the second part of the claim is completely analogous to that of the first part, after one observes that the assumption implies that
The first part of the claim together with (5.7) yields
. . , n}
Together with the fact that B i ⊂ Bs(L), for all i, it yields
is excluded by the assumptions of Lemma 5.5. The second part of the above claim then shows that
Since, by (5.6),
, this easily implies that n is odd and that L · B i = (−1)
i .
With this knowledge about the intersection of two general D 1 , D 2 ∈ |L| it is easy to show that the map Φ can be resolved by just two smooth blow-ups (in general with disconnected centres). and since C D1,D2 + B is a cycle of smooth rational curves,
Recalling that L · C D1,D2 = 3 by Lemma 5.3, we get
By Lemma 2.12 this implies that Bs(L) ∩ g −1 * C D1,D2 = ∅ and together with (5.9) this yields Bs(L) = ∅. Remark 5.12. As g is a composition of blow-ups in smooth rational curves we have b 3 (X) = b 3 (X).
It turns out that the two cases when Bs(L) contains only one curve or more than one curve are essentially different. Therefore we make another case analysis.
Irreducible base locus.
First assume that Bs(L) = B 1 is irreducible. Then Φ is resolved by just blowing-up B 1 :
Let E ⊂X denote the irreducible exceptional divisor of g and ∆ ⊂X the exceptional divisor of f , which is also irreducible as Pic(X) ≃ Pic(P 3 ). There exists an a ∈ Z ≥1 such that g
Using f * O P 3 (1) = g * L − E and gcd(2, 3) = 1 we get
is not contained in any hyperplane, in particular it is of dimension 1. We have
since otherwise we would have f * H 0 = E, which is absurd. For general D 1 , D 2 ∈ |L|, the movable curve C D1,D2 intersects B 1 in exactly two points, hence for general H 1 , H 2 ∈ |O P 3 (1)|, the line H 1 ·H 2 intersects H 0 in exactly two points. Therefore H 0 ⊂ P 3 is a quadric and (5.10) shows that
Since the map f | E is birational and E a Hirzebruch surface, there are the two cases
Applying the first part of Lemma 2.8 to
. Thus in the first of the above cases we have that ∆| E is reduced and is mapped isomorphically to C 0 . In the second case we have
for some α ≥ 1. Because of (5.11) the second part of Lemma 2.8 can also be applied showing that outside of a finite set, f is the blow-up of P 3 along C 0 . In particular we can apply Lemma 2.6 to f | ∆ : ∆ → C 0 and OX (E)| ∆ to get
By Lemma 5.9, g * L| E = (L · B 1 )f = −f and it is easy to compute that (cf. (5.15) in the proof of Lemma 5.13)
hence by (5.10)
In the first case one easily computes h 1 (C 0 , O C0 ) = 6, hence b 1 (C 0 ) ≤ 12 by Lemma 2.11.
In the second case, by Proposition 2.10, there is an exact sequence
where p ∈ H 0 denotes the vertex of the quadric cone
Putting together (5.12) and (5.13), we get that This finishes the case when Bs(L) contains only one curve.
Reducible Base Locus. Assume now that Bs(L) contains more than one curve. In this case we can also describe the geometry of X fairly explicitly thanks to the following lemma. 
Proof. Let us first recall the set-up. By Lemma 5.9, the base locus of L consists of an odd number of smooth rational curves B 1 , . . . , B n , which together with the movable curve C D1,D2 form a cycle, for general D 1 , D 2 ∈ |L|. The resolution g is constructed by first blowing-up the curves B i with odd index and then the strict transforms of those with even index.
For i = 1, . . . , n, let E i ⊂X be the unique divisor with g(E i ) = B i , letÊ i = g 2 (E i ), for odd index i, and letB j = g 2 (E j ), for even index j, as depicted in the following diagram:
The assertion that there are only three exceptional divisors E 1 , E 2 , E 3 is shown in the end. First we prove that the "edge" divisors E 1 and E n are contracted to hyperplanes H 1 and H n and that the divisors E 2 , E 3 , . . . , E n−1 are contracted to the line H 1 ∩ H n .
To do this, let us describe the geometry of g in more detail beginning with the first blow-up. So let 1 ≤ i ≤ n be an odd number. Since B i is smooth and rational, its conormal bundle can be written as
, where we assume that k i ≥ l i . There is an injective map
In the first caseÊ
and in the second casê
Writing e = e ∞ + 2f on F 2 , the conormal bundles can be uniformly expressed as
Note that we do not notationally indicate on which surface the line bundles e, e ∞ , f live. This is always clear from the context. Now consider the second blow-up g 2 :X →X, which creates the exceptional divisors with even index E 2 , E 4 , . . . , E n−1 . The center of g 2 is the union of the curvesB j = (g 1 ) −1 * B j with even index j. For generalD 1 ,D 2 ∈ |L| these curves are isolated components ofD 1 ·D 2 , wherê
is the line bundle that has the same global sections as L and whose base locus does not contain any divisor. Therefore
The divisors E 1 , E n ⊂ X are the blow-up ofÊ 1 ,Ê n ⊂X in the one-point setŝ E 1 ∩B 2 ,Ê n ∩B n−1 respectively. The divisor E i ⊂ X, for odd 1 < i < n, is the blow-up ofÊ i ⊂X in the two-point setÊ i ∩ (B i−1 ∪B i+1 ).
The movable curve C D1,D2 (cf. Lemma 5.6) intersects each of B 1 and B n in precisely one point and each of these points is not contained in any other component of Bs(L). Therefore a general line l ⊂ P 3 intersects each of f (E 1 ) and f (E n ) in precisely one point, hence
are hyperplanes. They are distinct, since f is bimeromorphic.
On the other hand, the movable curve does not intersect any of the B 2 , . . . , B n−1 , hence f has to contract the divisors E 2 , . . . , E n−1 . Therefore, since Pic(X) ≃ Pic(P 3 ), there exist exactly two irreducible f -exceptional divisors
we can assume without loss of generality that f (∆ i ) ⊂ H i , for i = 1, n and we set
Since for i ∈ {1, n} there is at most one D ∈ |L| that contains / is equal to g(∆ i ), there is at most one hyperplane H ∈ |O P 3 (1)| that contains C i . Therefore, C i is a curve and deg Hi C i ≥ 2, for i ∈ {1, n}. In fact, more can be said.
Proof of the claim. We have just seen that deg
Then there exists an irreducible quadric Q ∈ |O P 3 (2)|, such that C 1 ⊂ Q. This means that the pullback of Q decomposes as 
Let H ∈ |O P 3 (1)| be the hyperplane corresponding to this divisor via Φ. Then we have Q ⊂ H, which contradicts the fact that Q is an irreducible quadric. Thus deg C 1 ≥ 3. By symmetry, deg C n ≥ 3.
We have seen that the divisors E 2 , . . . , E n−1 get contracted by f . This can also be made more precise.
Claim 2. For all
The aim is to show that then y ∈ f (E i ), for all 2 ≤ i ≤ n − 1. First note that, since E 1 ∩ E n = ∅,
Therefore we have
as f −1 (y) is connected. Since this is true for general y ∈ H 1 ∩ H 2 , this proves the claim.
We now show that n = 3. To do this, let us examine how ∆ 1 and ∆ n restrict to the E i 's. Observe that the proof of Claim 1 shows that the multiplicity of f * H i along ∆ i is 1. Therefore we can write
Now observe that the effective divisor ∆ 1 | Ei gets contracted by f | Ei for all i > 1. Otherwise we would have f (∆ 1 ) = f (E i ) = H 1 ∩ H n , but we know that this is not the case. Thus, for all i > 1,
Recall that for odd i the divisor E i is a blow-up ofÊ i . Let us denote the exceptional curves of g 2 | Ei in the following way:
Using (5.19), (5.15) and the fact that E k ∩ E l = ∅ if |k − l| > 1, we get, for odd indices i and even indices j,
Together with (5.20) this yields
This can be used to formally compute the a i successively: a n−1 = 1, a n−2 = 1, a n−3 = 2, (5.21) a n−4 = 1, a n−5 = 1, a n−6 = 0.
Since a i ≥ 1, for all i < n, and n is odd, this computation shows that either n = 3 or n = 5.
By Lemma 2.8, the curve ∆ 1 | E1 is generically reduced alongC
We already know from Claim 1 that this number is at least 3. Since a 2 ≥ 1, we have a 2 = 1. Then (5.21) implies n = 3, as claimed. This also shows that deg C 1 = 3. By symmetry, deg C 3 = 3.
We are now prepared to finish the proof of Lemma 5.5 under the assumption that Statement 5.7 holds. Since
the second part of Lemma 2.8 shows that outside of f (E 2 ) the morphism f is the blowup of P 3 along C 1 ∪ C 3 . We now describe to some extend what happens over f (E 2 ).
Claim 3. There exists a compact complex manifold Y and there exist holomorphic maps
3 such that h contracts precisely E 2 and such that we have a factorization f = f 2 • h:
Proof of the claim. By (5.16), E 2 ≃ P 1 × P 1 and N ∨ E2/X = e + f. Therefore, by the Fujiki-Nakano Contraction Theorem, there exists a holomorphic map h :X → Y that contracts precisely the curves lying in |e| E2 . Since f contracts E 2 in the same direction, we get the factorization.
The exceptional divisors of f 2 are precisely h(∆ 1 ) and h(∆ 3 ) and outside of a finite set f 2 is the blow-up along C 1 ∪ C 3 . In particular, for i ∈ {1, 3}, the general fibre of f 2 | ∆i is P 1 and it intersects h(E i ) in (precisely) one point. Therefore, Lemma 2.6 can be applied to
Proposition 2.10 applied to f 2 gives an exact sequence
. Using this inequality, the fact that g and h are (compositions of) blow-ups of smooth rational curves and (5.22), we get
The curves C 1 , C 3 have degree 3 in H 1 , H 3 respectively. It is easy to see that this implies b 1 (C 1 ∪ C 3 ) ≤ 6. This finishes the first part of the proof of Lemma 5.5. We now turn to the second case.
Second case. We are still proving Lemma 5.5. In the case that Statement 5.7 holds, i.e. that for general divisors D 1 , D 2 ∈ |L| the moving curve C D1,D2 ⊂ D 1 · D 2 intersects the remaining components of D 1 · D 2 in two different points, we have just seen that the assertion b 3 (X) ≤ 12 does hold. So from now on, in addition to the assumptions of Lemma 5.5, we assume that Statement 5.7 does not hold.
Assumption 5.14. Let X be a compact complex threefold, let L ∈ Pic(X) satisfy
Assume that the map induced by |L| is bimeromorphic and that there does not exist any integral curve C ⊂ X with L · C = 0. Additionally assume that Statement 5.7 does not hold.
Remark 5.15. I do not know of any X that satisfies Assumption 5.14.
Lemma 5.5 asserts that b 3 (X) ≤ 12. We show that given Assumption 5.14, in fact, b 3 (X) = 0. Recall from the introduction that we want to prove that X is a compactification of C 3 by an irreducible divisor ∆ 0 ∈ |L|. The first result towards this claim is the following lemma. Proof. Let g :X → X be a resolution of Φ satisfying g(Exc(g)) ⊂ Bs(L) and let
We first show that each divisor that is contracted by Φ −1 must be a hyperplane. Aiming for a contradiction, let H 0 ⊂ P 3 be a divisor that is contracted by Φ −1 and suppose that deg H 0 ≥ 2. Let
This set is certainly Zariski-open and non-empty. Let H 1 ∈ U . Then the set
Therefore the strict/total transform f
where
, D 2 ∈ |L| denote the divisors corresponding to H 1 , H 2 via Φ. If two distinct points of f −1 (l) get mapped by g to the same point then this is a singular point of
This is not possible by Lemma 5.2. Hence g(E 0 ) is a curve and it intersects C D1,D2 in two distinct points. Since
this implies that Q D1,D2 is supported in two distinct points and since D 1 , D 2 ∈ |L| could be chosen general, Statement 5.7 holds; a contradiction to our assumption, so that, indeed, each divisor contracted by Φ −1 is a hyperplane. The proof that Φ −1 contracts only one hyperplane is very similar. Suppose that Φ −1 contracts two distinct hyperplanes H 1 , H 2 ⊂ P 3 . In analogy with the first part of the proof we can conclude that for general H, H ′ ∈ |O P 3 (1)| the strict transform of l = H ∩ H ′ inX is not contained in Exc(g) and intersects each of
−1 * H 2 in one point and that that point is not contained E 1 ∩ E 2 . We can, however, not continue to conclude as before since E 1 ∪ E 2 might be disconnected. We fix this by showing that E 1 can be connected to E 2 by g-exceptional divisors. The precise claim is that the set
is connected and that it is g-exceptional. For connectedness, let B, C ⊂ A be nonempty unions of irreducible components such that A = B ∪ C. We have to show that B ∩ C = ∅. Since for each irreducible component E ⊂ A we have l ⊂ f (E), we also have
In order to show that all irreducible components of A are g-exceptional, note that E 1 , E 2 are g-exceptional and that f (E) = l implies that g(E) is contained in infinitely many divisors D ∈ |L| which, of course, implies that dim g(E) < 2 since the divisors in |L| are irreducible. Now, just as before, f H 2 ) ) is never singular, it intersects g(A) ⊂ Bs(L) in two distinct points, hence g(A) has dimension 1 everywhere as it is connected. This shows that Statement 5.7 holds; a contradiction to our assumption, hence Φ −1 contracts at most one divisor and it is abvious that it contracts a least one.
Lemma 5.17. Given Assumption 5.14, let ∆ 0 ⊂ X be the unique divisor contracted by Φ and let H 0 ⊂ P 3 be the unique hyperplane contracted by Φ −1 . Then ∆ 0 ∈ |L| and Φ * ∆ 0 ⊂ H 0 .
Proof. Let g :X → X be any resolution of Φ and let f :X → P 3 denote the morphism Φ • g. Let furthermore ∆ = g −1 * ∆ 0 and E 0 = f
We can write
where a ≥ 0 and F is an effective f -exceptional divisor that does not contain ∆, hence is also g-exceptional. Let d ≥ 1 be such that ∆ 0 ∈ |dL|. Then pushing forward (5.25) by g yields the equation
where we use that f Let us pause to say something about how the proof continues: it is true, but we are not quite ready to proof that
We begin to study the geometry of ∆ 0 aiming to bound b 3 (∆ 0 ). A first step is the construction of a nice embedded desingularization of ∆ 0 that is also a resolution of Φ. In the course of this we are going to show that Φ −1 * H 0 is 1-dimensional (cf. Lemma 5.21). This can be used to show that Φ −1 is defined on P 3 \ H 0 (cf. Lemma 5.26), which then easily gives (5.26). The final step is to derive the inequality b 3 (∆ 0 ) ≤ 1 from properties of the desingularization.
Lemma 5.18. In the notation of the previous lemma, let
Then C 1 is a curve and deg C 1 ≥ 3.
Proof. Completely analogous to the proof of Claim 1 in Lemma 5.13 .
We now specify what kind of resolution of ∆ 0 we want to have. 
and such that for each irreducible curve C ⊂ Exc(φ)
The proof is rather lenghty, so we devote a whole subsection to it. Proof. Both C and B are smooth and rational by Lemma 3.4. Let p ∈ C ∩ B. The claim is that
Suppose this is not the case, then h 1 (C + B, O C+B ) ≥ 1, hence by Lemma 3.4 Using the second part of Lemma 2.12, it is easy to see that the blow up g :X → X along B resolves all the indeterminacies of Φ (cf. proof of Lemma 5.11). But this is absurd: letting f = Φ • g and E = Exc(g), we havef (E) = H 0 so that C D1,D2 and B = g(E) intersect transversally in only one point, for general D 1 , D 2 ∈ |L|, which, using (5.28) contradicts h Then dim g(C 1 ) = 1. In particular
Remark 5.22. Note that the last two assertions of the lemma are independent of the resolution g.
Proof.
We need the following two claims whose elementary proofs are omitted here. Readers who do not want to work them out on their own can find them in the author's thesis [Dor13] (Lemma 4.1.11 and beginning of the proof of Lemma 4.1.12 respectively).
Claim 2. There exist
, for all i ∈ {1, . . . , r} and all but finitely many p ∈ C 1 , such that
Using these claims we want to show that g does not contract M 0 =C 1 . We, in fact, show that this is true for all the M i . First suppose that g contracts M r and write {p} = g(M r ). By Lemma 5.18, deg C 1 ≥ 3. Using additionally Claim 1 and the fact that ∆ ⊂ Exc(g) we see that for general D ∈ |L| there exist (pairwise distinct) curves
and such that D · ∆ 0 is generically reduced along each of these curves. Obviously, none of them is contained in Bs(L). Therefore there is an integral curve Suppose, to the contrary, that there exists i ∈ {1, . . . , r} such that for infinitely many p ∈ C 1 , dim g(C p i ) = 1, and let i 0 be the maximal index having this property. Then, in fact, g contracts C p i0 for only finitely many p ∈ C. From the maximality of i 0 we get . Now the aim is to find two explicit blow-ups after which the induced bimeromorphic map to P 3 is defined along the movable curve. After that, we apply Lemma 2.13 and Lemma 2.4 to get the desired resolution.
The first step is to blow up B 1 and therefore we are interested in how the movable curve intersects B 1 . There is the following result. 
Proof. Define the set
Then U is Zariski-open and non-empty. Let H 1 ∈ U . Then the sets
is Zariski-open and non-empty. Let H 2 ∈ V H1 and let D 1 , D 2 ∈ |L| be the divisors corresponding to H 1 , H 2 via Φ. Then the movable curve
is defined, intersects B 1 in exactly one point and this point is not contained in Sing(Bs(L)), i.e. it is not contained in any irreducible component of Bs(L) other than B 1 . Since
By Lemma 5.20, C D1,D2 and B 1 intersect transversally and by Lemma 5.6, Let U ⊂ |L| be the set from the proof of Lemma 5.23 and let
Zariski-open and non-empty, by the first part of the proof. Let D 1 ∈ U ′ and let H 1 ∈ |O P 3 (1)| be the corresponding hyperplane. Then the set Sing(D 1 )∩B 1 is finite, hence so are the sets After these preparations, we now begin to actually construct the resolution whose existence is claimed in Lemma 5.19. Let g 1 : X 1 → X be the blow-up of X along B 1 , let E 1 ⊂ X 1 be its exceptional divisor and let
Note that L 1 has the same global sections as L and does not contain E 1 in its base locus since B 1 ⊂ Sing(D) for general D ∈ |L|.
For any D ∈ |L| with B 1 ⊂ Sing(D) there is unique irreducible curve 
Tensorizing this sequence with L and taking global sections, yields the inequality
g 2 : X 2 → X 1 be the blow-up of X 1 along B 2 , let E 2 ⊂ X 2 be its exceptional divisor and let
Then L 2 has the same global sections as L and E 2 ⊂ Bs(L 2 ). By (5.30),
−1 * CD 1 ,D2 ≤ 1. Then Lemma 2.12 shows that, in fact, equality holds and that
Therefore Lemma 2.13 can be applied to X 2 , L 2 , yielding a morphismX → X 2 that resolves Bs(L 2 ). LetX
be the composite map and let f = Φ •g. Let furthermoreẼ,F ≥ 0 be thegexceptional divisors onX that satisfy
Using that the analogous result forX → X 2 holds true by Lemma 2.13 and that g 1 , g 2 are blow-ups along curves, we see thatẼ ≥F . Thus the following lemma can be applied tog.
Lemma 5.25. Given Assumption 5.14, let g :X → X be a resolution of Φ, let E, F, G ≥ 0 the divisors satisfying
where ∆ 0 ∈ |L| is the unique divisor contracted by Φ and ∆ = g −1 * (∆ 0 ) ⊂X. If E ≥ F , then the following two statements hold:
• G ≥ F and supp(G − F ) = Exc(g).
• There is an effective Cartier divisor A ≥ 0 on ∆ such that (g| ∆ ) * ω ∆0 (−A) = ω ∆ and supp(A) = Exc(g| ∆ )
Proof. Since ∆ 0 is the only divisor contracted by Φ, we have g * K X + F = KX = f * K P 3 + a∆ + H (5.33) for some a ≥ 1, and some effective divisor H that is exceptional with respect to both f and g. Plugging f * O P 3 (1) = g * L − E into (5.33), yields
Since ∆ 0 ∈ |L| by Lemma 5.17, this shows that a = 2, hence that
2 . Therefore, using E ≥ F and H ≥ 0,
This shows G − F ≥ 0 since F ≥ 0. It also shows that supp(G − F ) ⊃ supp(F ) = Exc(g).
Since, of course, supp(G − F ) ⊂ Exc(g) also holds, we have, in fact, equality. In order to show the second claim, set A = (G−F )| ∆ . This divisor is certainly an effective Cartier divisor on ∆, because ∆ ⊂ Exc(g) = supp(G − F ), and it satisfies is effective and is easily seen to satisfy ω∆ = φ * ω ∆0 (−A).
In order to show that it also satisfies the second condition of (5), let C ⊂ Exc(φ) be an irreducible curve. We have to show that C ⊂ supp(A) ∪ Exc(µ). The resolution g we have chosen has the property that there are precisely two exceptional divisors E 1 , E 2 ⊂X that are mapped onto the curve B 1 . They are the strict transforms of the exceptional divisors of the first two blow-ups. From (5.31) and (5.32) it follows that E 2 is the divisor that f maps onto H 0 . Let G = g * ∆ 0 −∆. Then taking the multiplicity along E 2 of the two sides of the ramification formula and let p 1 , . . . p r ∈ B ′ 1 be such that π(h(f j )) = {p j }, for all j ∈ {1, . . . , r}. 
This entails the following inclusion
where we set C i = h(Ĉ i ). A line bundle L ′ on the Hirzebruch surface F e has no non-trivial sections if L ′ · f < 0. Therefore, since Together with Lemma 5.27, this shows that b 3 (X) ≤ 1. Since Hodge decomposition holds on X, we have, in fact, that b 3 (X) = 0. This finishes the proof of Lemma 5.5.
